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SKEW BRACES AND THE GALOIS
CORRESPONDENCE FOR HOPF GALOIS
STRUCTURES
LINDSAY N. CHILDS
Abstract. Let L/K be a Galois extension of fields with Galois
group Γ, and suppose L/K is also an H-Hopf Galois extension. Us-
ing the recently uncovered connection between Hopf Galois struc-
tures and skew left braces, we introduce a method to quantify the
failure of surjectivity of the Galois correspondence from subHopf
algebras of H to intermediate subfields of L/K, given by the Fun-
damental Theorem of Hopf Galois Theory. Suppose L⊗KH = LN
where N ∼= (G, ⋆). Then there exists a skew left brace (G, ⋆, ◦)
where (G, ◦) ∼= Γ. We show that there is a bijective correspon-
dence between the set of intermediate fields E between K and L
that correspond to K-subHopf algebras of H and a set of sub-
skew left braces of G that we call the ◦-stable subgroups of (G, ⋆).
Counting these subgroups and comparing that number with the
number of subgroups of Γ ∼= (G, ◦) describes how far the Galois
correspondence for the H-Hopf Galois structure is from being sur-
jective. The method is illustrated by a variety of examples.
1. Introduction
Chase and Sweedler [CS69] introduced the concept of a Hopf Galois
extension of commutative rings as a generalization of a classical Galois
extension of fields L/K with Galois group Γ. The idea is to view
the Galois structure on L as an action by the group ring KΓ, a K-
Hopf algebra, and then replace KΓ by a general cocommutative K-
Hopf algebra H . In that setting, the Fundamental Theorem of Galois
Theory (FTGT) of Chase and Sweedler [CS69] states that if L/K is an
H-Hopf Galois extension of fields for H a K-Hopf algebra, then there
is an injection from the set of K-sub-Hopf algebras of H to the set of
intermediate fields K ⊆ E ⊆ L, given by sending a K-subHopf algebra
J to the fixed ring
LJ = {x ∈ L|h(x) = ǫ(h)x for all h in J}
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where ǫ : H → K is the counit map. The strong form of the FTGT
holds if the injection is also a surjection. For a classical Galois extension
of fields with Galois group Γ, the FTGT holds in its strong form. But
it is known from [GP87] that in general, the Galois correspondence
need not be surjective. So for any given example it is of interest to
determine how far surjectivity fails.
Let L/K be a Galois extension of fields with Galois group Γ, and
suppose L/K has an H-Hopf Galois structure of type G. Then H
corresponds to a regular subgroup of Perm(Γ) isomorphic to G and
normalized by λ(Γ), the image of the left regular representation of Γ
in Perm(Γ).
In turn, from [Ch89] and [By96], the Hopf Galois structure cor-
responds to a regular subgroup of Hol(G) isomorphic to Γ, where
Hol(G) ⊂ Perm(G) is the holomorph of G, that is, the normalizer
in Perm(G) of λ(G).
In turn, by results of increasing generality, from [CDVS06] to [FCC12]
to [Bac16], [GV17] and [SV18], a regular subgroup of Hol(G) isomor-
phic to Γ corresponds to a skew left brace (G, ⋆, ◦) where (G, ⋆) ∼= G
and (G, ◦) ∼= Γ.
In [Ch17] the question of the image of the Galois correspondence was
studied for a Hopf Galois structure of type G ∼= Γ on a Galois extension
L/K with p-elementary abelian Galois group Γ. The method used the
[CDVS06] correspondence between regular subgroups of Hol(G) and
commutative radical algebra structures on G. In that setting the in-
termediate fields in the image of the Galois correspondence correspond
to left ideals of the radical algebra A with circle group isomorphic to
Γ and additive group isomorphic to G. Subsequently, [CG18] obtained
upper and lower bounds on the number of left ideals in that setting,
hence upper and lower bounds on the proportion of all intermediate
fields that are in the image of the Galois correspondence.
In this paper we generalize [Ch17] to the general setting of a skew
left brace. Our main result obtains a bijective correspondence between
intermediate fields in the image of the Galois correspondence and what
we call ◦-stable subgroups of the additive group (G, ⋆) of the skew left
brace (G, ⋆, ◦) corresponding to the Hopf Galois structure on L/K.
If the skew left brace G is a left brace (that is, the additive group
(G, ⋆) is abelian), then a ◦-stable subgroup of G is a left ideal of G.
We apply the method first to two examples where the skew left brace
is a non-commutative radical algebra, and to the example of the order
8 left brace of [Rum07]. We conclude by applying the method to Hopf
Galois structures that correspond to skew left braces arising from an
exact factorization of G into HJ , described in [SV18], where the Galois
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group Γ = H×J : these are examples of Hopf Galois structures arising
from fixed point free pairs of homomorphisms from Γ to G as in [BC12]
and [By15].
My thanks to Nigel Byott for introducing me to the connections
between Hopf Galois theory and brace theory, to Griff Elder and the
University of Nebraska at Omaha for their excellent support of research
in this area over the past seven years, and to the University at Albany
Three Voices Grant Program for its support. Thanks also to the referee
for a careful reading of the manuscript.
2. On skew left braces
Definition. A finite group (G, ⋆) is a skew left brace with “additive
group” (G, ⋆) if G has an additional group structure (G, ◦) so that for
all g, h, k in G,
g ◦ (h ⋆ k) = (g ◦ h) ⋆ g−1 ⋆ (g ◦ k).
Here g−1 is the inverse of g in (G, ⋆). Let g be the inverse of g in
(G, ◦) .
Given a skew left brace (G, ⋆, ◦), the identities of the groups (G, ⋆)
and (G, ◦) coincide ([GV17, Lemma 1.7]).
Skew left braces were defined by Guarneri and Vendramin in [GV17]
and have been studied in [Bac16a] and [SV18]. For (G, ⋆) abelian,
a skew left brace is a left brace. Left braces were defined by Rump
[Rum07] and have subsequently been studied by numerous authors,
largely motivated by the connection with solutions of the Yang-Baxter
equation. If A is a radical algebra, that is, an associative ring (without
unit) (A,+, ·) with the property that with the operation a ◦ b = a +
b+ a · b, (A, ◦) is a group, then (A,+, ◦) is a left brace.
Associated to a set G with two group operations (G, ⋆, ◦) are the two
left regular representation maps:
λ⋆ :G→ Perm(G), λ⋆(g)(h) = g ⋆ h,
λ◦ :G→ Perm(G), λ◦(g)(h) = g ◦ h.
Then (G, ⋆, ◦) is a skew left brace if and only if for all g in G, the
map
Lg = (λ⋆)(g
−1)λ◦(g) : G→ Perm(G)
has image in Aut(G, ⋆) ⊂ Perm(G). That is, for all g, h, k in G,
Lg(h ⋆ k) = Lg(h) ⋆ Lg(k),
or,
g−1 ⋆ (g ◦ (h ⋆ k)) = g−1 ⋆ (g ◦ h) ⋆ g−1 ⋆ (g ◦ k),
equivalent to the defining relation of a left skew brace.
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The holomorph Hol(G, ⋆) is the normalizer in Perm(G) of λ⋆(G):
there is an isomorphism
ι : λ⋆(G)⋊ Aut(G, ⋆)→ Hol(G, ⋆) ⊂ Perm(G)
by
ι(λ⋆(g), θ)(h) = λ⋆(g)θ(h) = g ⋆ θ(h)
for θ in Aut(G, ⋆), g, h in G. If θ = Lg, then
ι(λ⋆(g),Lg)(h) = λ⋆(g)Lg(h)
= λ◦(g)(h)
= g ◦ h.
For (G, ⋆, ◦) a skew left brace, the map
L : (G, ◦)→ Aut(G, ⋆)
defined by g 7→ Lg where
Lg(x) = g
−1 ⋆ (g ◦ x)
is a group homomorphism: see [GV17, Proposition 1.9, Corollary 1.10].
In the brace literature the map Lg is denoted by λg. In this paper
we reserve λ for left regular representation maps.
3. Hopf Galois extensions
Suppose L is a Galois extension of K, fields, with finite Galois group
Γ. (Denote the field extension as L/K.) This is equivalent to either of
two equivalent conditions: i) there is an isomorphism of L-algebras
h : L⊗K L→ HomL(KΓ, L)
given by h(x ⊗ y)(γ) = xγ(y) (a condition equivalent to the condition
that L is a splitting field for L/K), and ii) The map
j : L⊗K KΓ→ EndK(L)
given by j(x⊗ h)(y) = xh(y), is a K-module isomorphism.
Suppose H is a cocommutative K-Hopf algebra and L is an H-
module. Then L/K is an H-Hopf Galois extension if two properties
hold. One is that L is an H-module algebra: for all h in H , x, y in L,
h(xy) =
∑
(h)
h(1)(x)h(2)(y),
where the notation for the comultiplication ∆ : H → H ⊗K H is the
Sweedler notation
∆(h) =
∑
(h)
h(1) ⊗ h(2).
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The other, generalizing ii) above, is that the map
j : L⊗K H → EndK(L),
defined by j(x⊗ h)(y) = xh(y), is a K-module isomorphism.
As [GP87] showed, given a Galois extension L/K with Galois group
Γ, there is a bijection between Hopf Galois structures on L/K and
regular subgroups of Perm(Γ) normalized by the image λ(Γ) in Perm(Γ)
of the left regular representation map λ : G→ Perm(G), as follows.
Suppose L/K is a Galois extension of fields with Galois group Γ,
and suppose L/K is also an H-Hopf Galois extension where H is a
cocommutative K-Hopf algebra. Then L ⊗K L is an L ⊗K H-Hopf
Galois extension of L, hence HomL(KΓ, L) is a L ⊗K H-Hopf Galois
extension of L. Then L⊗K H is isomorphic to a group ring LN where
the group N acts on HomL(KΓ, L) by acting on the group ring KΓ as
a regular group of permutations of Γ. The group N has the property
that it is normalized by the image λ(Γ) in Perm(Γ) of the left regular
representation map λ : Γ→ Perm(Γ).
Conversely, if N is a regular group of permutations of Γ, then L⊗KL
is a LN -Hopf Galois extension of L where N acts by acting on KΓ.
If in addition, N is normalized by λ(Γ) in Perm(Γ), then by Galois
descent, there is a K-Hopf algebra H so that L ⊗K H ∼= LN and the
Hopf Galois structure of LN on (L ⊗K L)/L arises from an H-Hopf
Galois structure on L/K.
If the group N is isomorphic to a given abstract group G, we say
that H has type G.
Given an H-Hopf Galois structure on L/K, there is a Galois cor-
respondence from K-subHopf algebras of H to intermediate fields E
with K ⊆ E ⊆ L, given by H0 7→ L
H0 the set of elements of L fixed
under the action of H0 on L. For the classical Galois structure on L/K
given by the the K-Hopf algebra H = KΓ, the Galois correspondence
is bijective, and so the number of intermediate fields is equal to the
number of subgroups of Γ. But for a general H-Hopf Galois structure
by a K-Hopf algebra H on L/K, it is known by [CS69] only that the
Galois correspondence map is injective. The main point of this paper
is to determine how far from surjective the Galois correspondence is. If
we denote FΓ, resp. FH the image of the Galois correspondence for the
Hopf Galois structure given by KΓ, resp. H , then we are interested
in |FH | and |FΓ|: their ratio measures the proportion of intermediate
fields of L/K that are in the image of FH .
Suppose L⊗KH = LN for N a regular subgroup of Perm(Γ) normal-
ized by λ(Γ). By [CRV16], Theorem 2.3, the set of K-subHopf algebras
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of H is bijective with the set of subgroups M of N that are λ(Γ) in-
variant. So |FH| is equal to the number of λ(Γ)-invariant subgroups of
N .
To determine the latter, we translate the problem to studying sub-
groups of the holomorph of G.
Suppose L/K, with Galois group (Γ, ·), has an H-Hopf Galois struc-
ture, and L ⊗K H ∼= LN as above. Suppose H is of type (G, ⋆): that
is, there exists an isomorphism of groups α : (G, ⋆) → N ⊂ Perm(Γ).
Since N is a regular subgroup of Perm(Γ), the map a : G → Γ given
by
a(g) = α(g)(e)
is a bijection, where e is the identity element of Γ. Moreover, α may
be recovered from a:
Lemma 3.1. For all g in G,
α(g) = aλ⋆(g)a
−1.
For given g in G, γ in Γ, we have
α(g)(γ) = α(g)a(a−1(γ)
= α(g)α(a−1(γ))(e)
= α(g ⋆ a−1(γ))(e)
= aλ⋆(g)a
−1(γ).
Now we show that to the H-Hopf Galois structure of type (G, ⋆) on
L/K with Galois group Γ, and the bijection a, there corresponds a left
skew brace structure (G, ⋆, ◦) on G.
Let β : Γ→ Perm(G) by
β(γ)(g) = a−1λΓ(γ)a(g).
Then β is a regular embedding of Γ in Perm(G) since Γ and G have
the same cardinality, a is a bijection, and λΓ is a regular embedding.
Moreover, since α(G) = N ⊂ Perm(Γ) is normalized by λ(Γ), we have:
for all g in G, γ in Γ, there is an h in G so that
λΓ(γ)α(g) = α(h)λΓ(γ).
Conjugating every term by the bijection a−1 yields
β(γ)λ⋆(g) = λ⋆(h)β(γ).
Thus β(γ) is in Hol(G), the normalizer in Perm(G) of λ⋆(G).
Define an operation ◦ on G, induced from the operation on Γ via the
bijection a : G→ Γ:
g ◦ h = a−1(a(g) · a(h)).
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for g, h in G. Then
a(g ◦ h) = a(g) · a(h),
so a : (G, ◦)→ (Γ, ·) is an isomorphism.
Let b = a−1 : (Γ, ·)→ (G, ◦).
Lemma 3.2. For γ in Γ, x in G,
β(γ)(x) = b(γ) ◦ x.
For let γ = a(g) in Γ. Then
β(γ)(x) = a−1(λ(γ)a(x))
= a−1(γ · a(x))
= a−1(a(g) · a(x))
= g ◦ x = b(γ) ◦ x.
Thus β(γ) = λ◦(b(γ)).
Proposition 3.3. The group (G, ⋆) with the additional group structure
(G, ◦) is a skew left brace with additive group (G, ⋆).
Proof. Since β : Γ → Hol(G, ⋆) is a regular embedding and Hol(G) ∼=
λ⋆(G)⋊Aut(G, ⋆), write β(γ) = βl(γ)βr(γ) where βl(γ) is in λ⋆(G) and
βr(γ) is in Aut(G). Then
b(γ) = β(γ)(e) = βl(γ)βr(γ)(e).
Since βr(γ) is an automorphism of (G, ⋆) and e is the identity element,
this gives
βl(γ) = λ⋆(b(γ)).
So (λ⋆(b(γ)))
−1β(γ) = βr(γ) is in Aut(G, ⋆). Letting b(γ) = g, then for
all g, x, y in G, we have
λ⋆(g)
−1β(γ)(x ⋆ y) = λ⋆(g)
−1β(γ)(x) ⋆ λ⋆(g)
−1β(γ)(y).
Since β(γ)(x) = b(γ) ◦ x = g ◦ x, this becomes
g−1 ⋆ (g ◦ (x ⋆ y)) = (g−1 ⋆ (g ◦ x)) ⋆ (g−1 ⋆ (g ◦ y))
for all g, x, y in G. This immediately yields that (G, ⋆, ◦) is a skew left
brace. 
Conversely, to get from a skew left brace to a Hopf Galois extension
on L/K, we suppose (G, ⋆, ◦) is a skew left brace, L/K is a Galois
extension with Galois group (Γ, ·), and a : (G, ◦)→ (Γ, ·) is an isomor-
phism of groups with inverse map b : (Γ, ·)→ (G, ◦). Let
β : Γ→ Perm(G)
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by
β(γ)(x) = b(γ) ◦ x = λ◦(b(γ))(x).
Then λ⋆(b(γ))
−1λ◦(b(γ)) is in Aut(G, ⋆). For
λ⋆(b(γ))
−1λ◦(b(γ)(x ⋆ y)) = b(γ)
−1 ⋆ (b(γ) ◦ (x ⋆ y))
= b(γ)−1 ⋆ (b(γ) ◦ x) ⋆ b(γ)−1 ⋆ (b(γ) ◦ y)
= λ⋆(b(γ))
−1λ◦(b(γ)(x) ⋆ λ⋆(b(γ))
−1λ◦(b(γ))(y)
by the left skew brace property. So
(λ⋆(b(γ))
−1)λ◦(b(γ)) = θb(γ)
is in Aut(G, ⋆), and
β(γ) = λ⋆(b(γ))θb(γ)
is in Hol(G, ⋆). It follows that for all g in G, γ in Γ, there is an h in G
so that
β(γ)λ⋆(g) = λ⋆(h)β(γ)
in Perm(G). Defining α : G → Perm(Γ) by α(g) = aλ⋆(g)a
−1 as in
Lemma 3.1, we have that for all g, γ there is an h so that
λ·(γ)α(g) = α(h)λ·(γ)
in Perm(Γ). Hence the image α(G) in Perm(Γ) is normalized by λ·(Γ),
hence by Galois descent [GP87] yields a Hopf Galois structure on L/K.
4. ◦-stable subgroups of (G, ⋆)
Given a Galois extension L/K with Galois group Γ, a skew left brace
(G, ⋆, ◦) and an isomorphism a : (G, ◦)→ Γ, there is an H-Hopf Galois
structure on L/K of type (G, ⋆). To study the image FH of the Ga-
lois correspondence for H , and the ratio |FH |/|FΓ|, we introduce some
subgroups of (G, ⋆).
Definition. A subgroup (G′, ⋆) of a skew left brace (G, ⋆, ◦) is ◦-stable
(“circle-stable”) if λ⋆(G
′) is closed under conjugation in Perm(G) by
λ◦(g) for all g in G.
Thus a subgroup (G′, ⋆) is ◦-stable if for all g′ in G′ and g, x in G,
there exists h′ in G′ so that
λ◦(g)λ⋆(g
′)(x) = λ⋆(h
′)λ◦(g)(x),
or
g ◦ (g′ ⋆ x) = h′ ⋆ (g ◦ x).
By the left brace property, this condition becomes
(g ◦ g′) ⋆ g−1 ⋆ (g ◦ x) = h′ ⋆ (g ◦ x),
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so ◦-stability of G′ is equivalent to: for all g in G, g′ in G′, the element
(g ◦ g′) ⋆ g−1 = h′
is in G′.
We then have
Proposition 4.1. A ◦-stable subgroup (G′, ⋆) is also a subgroup of
(G, ◦), and so (G′, ⋆, ◦) is a sub-skew left brace of G.
For suppose that for all g in G, g′ in G′, the element (g◦g′)⋆g−1 = h′
is in G′. Since (G′, ⋆) is a subgroup of (G, ⋆), then for all g′′, g′ in G′,
g′′ ◦ g′ = h′ ⋆ g′′ is in G′, so G′ is closed under the operation ◦.
Remark 4.2. The concept of a ◦-stable subgroup G of G′ is similar to
two other conditions in the literature.
Bachiller [Bac16a] defines a left ideal of a skew left brace G =
(G, ⋆, ◦) to be a subgroup (G′, ⋆) of (G, ⋆) that is closed under the
action of Lg for all g in G. That is, for all g in G, g
′ in G′,
g−1 ⋆ (g ◦ g′) is in G′.
Just as in Proposition 4.1, a left ideal is closed under the circle
operation (and under taking the inverse of an element in (G, ⋆) since
all groups are finite), so is a sub-skew left brace.
If (G, ⋆, ◦) is a left brace, that is, if the additive group (G, ⋆) is
abelian, then a subgroup (G, ⋆) is ◦-stable if and only if it is a left
ideal.
Guarneri and Vendramin [GV17, Corollary 3.3] consider a subset G′
of a skew left brace (G, ⋆, ◦) and show that if
h ⋆ Lg(g
′) ⋆ h−1 is in G′
for all g, h in G, g′ in G′, then the solution of the Yang-Baxter equation
on G×G associated to the skew left brace G restricts to a solution on
G′ ×G′. That condition is equivalent to
h ⋆ g−1 ⋆ (g ◦ g′) ⋆ h−1 ∈ G′.
If (G′, ⋆) is a subgroup (not just a subset) of the additive group
(G, ⋆), then setting h = e, the identity of (G, ⋆), the [GV17] condition
implies that G′ is a left ideal, while setting h = g yields that G′ is
◦-stable. However, a subset G′ of G satisfying the [GV17] condition
need not be a subgroup of (G, ⋆): see Remark 7.6, below.
A ring without identity (G,+, ·) is a radical algebra if under the
circle operation defined by
g ◦ h = g + h+ g · h,
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(G, ◦) is a group. In that case, (G,+, ◦) is a left brace, as was originally
noted by Rump in [Rum07]. If a left brace is a radical algebra, then
a subgroup (G′,+) of G is a left ideal of the left brace (G,+, ◦) if and
only if it is a left ideal of the algebra.
Here is our main result.
Theorem 4.3. Let (G, ⋆, ◦) be a skew left brace. Let a : (G, ◦)→ (Γ, ·)
be an isomorphism of groups with inverse b : (Γ, ·)→ (G, ◦). Let L/K
be a Galois extension with Galois group (Γ, ·). Then for the unique
H-Hopf Galois structure on L/K of type (G, ⋆) corresponding to the
isomorphism a, there is a bijection between the K-subHopf algebras of
H and the ◦-stable subgroups G′ of (G, ⋆).
Proof. Let L/K be a Galois extension of fields with Galois group Γ.
Let (G, ⋆, ◦) be a skew left brace and a : (G, ◦) → Γ an isomorphism
of groups.
Recall that α : G→ Perm(Γ) is defined by
α(g)(γ) = aλ⋆(g)a
−1(γ);
and β : Γ→ Perm(G) is defined by
β(γ)(g) = bλ·(γ)b
−1(g) = b(γ) ◦ g.
Suppose (G′, ⋆, ◦) is a ◦-stable subgroup of (G, ⋆). This means: for
all g, x in G, g′ in G′, there exists h′ in G′ so that
g ◦ (g′ ⋆ x) = h′ ⋆ (g ◦ x). (∗)
We show that α(G′) is normalized by λ(Γ), and conversely, if α(G′) is
a subgroup of α(G) normalized by λ(Γ), then G′ is a ◦-stable subgroup
of G.
Starting from the ◦-stable equation (∗), let a(g) = γ. Then for x in
G,
b(γ) ◦ λ⋆(g
′)(x) = λ⋆(h
′)(b(γ) ◦ x)
or, since b(γ) ◦ y = β(γ)(y) for all y in G,
β(γ)λ⋆(g
′) = λ⋆(h
′)β(γ). (∗∗)
Conjugating each map in the normalizing equation (**) by a gives
the equation
λ·(γ)α(g
′)λ·(γ)
−1 = α(h′) (∗ ∗ ∗)
Thus the condition that (G′, ⋆, ◦) is a ◦-stable subgroup of (G, ⋆, ◦)
holds if and only if for all g, x in G, g′ in G′, there exists h′ in G′ so
that equation (∗∗∗) holds, that is, if and only if α(G′) is a λ·(Γ)-stable
subgroup of α(G).
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From [CRV16, Theorem 2.3], the λ·(Γ)-stable subgroups of α(G)
correspond to the K-subHopf algebras of the K-Hopf algebra obtained
by Galois descent from the L-Hopf algebra L[α(G)]. 
Thus for the H-Hopf Galois structure on the Γ-Galois extension L/K
corresponding to the skew left brace (G, ⋆, ◦),
|FΓ| = the number of subgroups of Γ ∼= (G, ◦), while
|FH | = the number of ◦-stable subgroups of (G, ⋆), which by Propo-
sition 4.1 are subgroups of (G, ◦).
In the remainder of the paper we consider several examples of skew
left braces (G, ⋆, ◦) and determine the number of subgroups of (G, ◦)
and the number of ◦-stable subgroups of (G, ⋆). Two examples arise
from non-commutative radical Fp-algebras of dimension 3 as described
in [DeG17], one is the left brace of order 8 in [Rum07], and several
arise from skew left braces arising from the exact factorization of a
group into a product of two subgroups, a special case of Hopf Galois
structures constructed by a pair of fixed point free homomorphisms.
5. Examples from non-commutative nilpotent algebras
Let p be odd and consider each of the two isomorphism types of
non-commutative nilpotent Fp-algebras of dimension 3, as described
by Section 5 of [DeG17].
Example 5.1. Let A be the radical algebra A3,5 = 〈x, y〉, generated as
an Fp-module by elements x, y, z, where xy = z, yx = −z and all other
products among the basis elements are zero. Then A is a group under
the operation ◦, defined by u ◦ v = u + v + uv. Then z ◦ x = z + x =
x + z = x ◦ z and y ◦ z = y + z = z + y = z ◦ y, so z is in the center
of the group (A, ◦). It is easily checked that 〈z〉 is the center of (A, ◦)
and that the quotient is isomorphic to Cp × Cp.
Lemma 5.2. For A = A3,5, (A, ◦) is isomorphic to the Heisenberg
group Heis3(Fp) of 3 × 3 upper triangular matrices in M3(Fp) with
diagonal entries all equal 1.
One way to see this is to show that every element of (A, ◦) has order
dividing p, and cite [Con] that the only non-abelian group of order p3
with every element of order dividing p is the Heisenberg group.
To see that every element of (A, ◦) has order dividing p, we observe
that
(ax+ by + cz) ◦ (a′x+ b′y + c′z)
= (a+ a′)x+ (b+ b′)y + (c+ c′)z + (ax+ by + cz)(a′x+ b′y + c′z)
= (a+ a′)x+ (b+ b′)y + (c+ c′)z + (ab′ − ba′)z.
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So identifying ax+ by + cz as the vector (a, b, c)T =

ab
c

, we have

ab
c

 ◦

rarb
rc

 =

ab
c

+

rarb
rc

+

 00
rab− rba


=

(r + 1)a(r + 1)b
(r + 1)c


Hence ax+ by + cz has order dividing p for all a, b, c in Fp.
We have
Proposition 5.3. The Heisenberg group Heis3(Fp) has 2p
2 + 2p + 4
subgroups.
Proof. There is of course one subgroup of order 1. Each of the p3 − 1
non-zero elements of Heis3(Fp) generates a subgroup of order p, and
each such subgroup has p − 1 generators. Thus there are p2 + p + 1
subgroups of order p.
If H is a subgroup of order p2 and ax + by + cz and a′x + b′y + c′z
is a minimal generating set for H , then we can do the same kind of
manipulations to those generators as we could if they were elements of
F
3
p. So we can assume that the subgroup H has one of the forms〈10
c

 ,

01
c′

〉 ,
〈1d
0

 ,

00
1

〉 ,
〈01
0

 ,

00
1

〉 ,
for c, c′, d in Fp. So there are p
2 + p + 1 subgroups of order p2. Since
there is one subgroup of order p3, we have the claimed number of
subgroups. 
By Remark 4.2, the ◦-stable subgroups of (A,+) are the left ideals
of A.
Proposition 5.4. The algebra A = A3,5 has p+ 4 left ideals.
Proof. Every left ideal is an additive subgroup of A, so we can assume
that an ideal is generated as a subgroup as described in the last proof.
The zero subgroup is an ideal.
If J is a left ideal and contains α = ax+by+cz, then J also contains
xα = bz and yα = −az, hence J contains (0, 0, 1)T . So the cyclic
subgroups generated by (1, b, c′)T or (0, 1, c′)T are not left ideals, but
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the cyclic subgroup generated by z = (0, 0, 1)T is an ideal. Thus the
only group of order p that is an ideal is J = 〈z〉.
Suppose J is a left ideal and contains a subgroup of order p2. If
H has generators x + cz = (1, 0, c)T and y + c′z = (0, 1, c′)T , then
J also contains xy = z = (0, 0, 1)T , so J = A. If H has generators
x + by = (1, b, 0)T and z = (0, 0, 1)T , or generators y = (0, 1, 0)T and
z = (0, 0, 1)T , then H is closed under left multiplication by x and y
(and, of course, z), so is an ideal. Thus A has p+ 1 ideals of order p2.
Since A is an ideal, A has p+ 4 left ideals, as claimed. 
To summarize, there are 2p2 + 2p + 4 subgroups of (A, ◦) ∼= Γ and
p+ 4 ◦-stable subgroups of the skew left brace (A,+, ◦).
Example 5.5. Now we consider the algebras A = Aδ3,4 of De Graaf,
generated by x, y, z as an Fp-module with x
2 = z, y2 = δz, xy = z, yx =
0 and zw = wz = 0 for all w in A. Here δ is an arbitrary element of Fp.
Each choice of δ gives a different isomorphism type of algebras. But
the results come out the same.
Proposition 5.6. Let (A, ◦) be the circle group on A = Aδ3,4. Then
(A, ◦) ∼= Heis3(Fp).
Proof. It suffices to show that every element of (A, ◦) has order p. That
follows from the relation
ab
c


◦r
=

 rarb
rc+
(
r
2
)
(a2 + ab+ δb2)

 ,
which is easily verified for all r ≥ 1 by induction. 
The subgroups of (A, ◦) are the same as in the last example. So
there are 2p2 + 2p+ 4 subgroups of (A, ◦).
Of those subgroups,
(0),
〈
00
1


〉
,
〈
1d
0

 ,

00
1


〉
,
〈
01
0

 ,

00
1


〉
, and A
are ideals. So we have, just as with A3,5,
Proposition 5.7. For A = Aδ3,4, there are 2p
2 + 2p + 4 subgroups of
(A, ◦) and p+ 4 left ideals of the radical algebra A.
Translating these results into a statement about Hopf Galois exten-
sions, we have:
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Corollary 5.8. Let L/K be a Galois extension of fields with Galois
group Γ ∼= Heis3(Fp). Suppose L/K has an H-Hopf Galois structure
of elementary abelian type that corresponds to one of the p + 1 iso-
morphism types of dimension 3 non-commutative nilpotent associative
Fp-algebras. Then the Galois correspondence from K-sub-Hopf algebras
of H to intermediate fields between K and L maps onto exactly p + 4
of the 2p2 + 2p+ 4 intermediate subfields.
Since the Galois correspondence from K-subHopf algebras of H to
intermediate fields is injective, this result follows immediately from the
counts above and Theorem 4.3.
6. Rump’s brace of order 8
Example 2 of [Rum07] is a left brace A = (A,+, ◦) with additive
group (A,+) isomorphic to (F32,+)
∼= C32 and circle group (A, ◦) iso-
morphic to the dihedral group D4. Thus if L/K is a Galois extension
with Galois group Γ isomorphic to D4, then corresponding to the brace
A is an H-Hopf Galois structure on L/K where the K-Hopf algebra H
is of elementary abelian type: that is, L⊗KH = LN where N ∼= (F
3
2.+).
The brace A is not a ring, as Rump notes.
Proposition 6.1. The group (A, ◦) has 10 subgroups, of which three
are ◦-stable subgroups of the brace (A,+, ◦).
Proof. To find the ◦-stable subgroups of A, we’ll identify (A, ◦) with
(D4, ·) using the identification of elements in F
3
2 with elements of D4
according to the following table from Example 2 of [Rum07]. Let D4 =
〈c, s〉 where c4 = s2 = e, the identity, and cs = sc3. Elements of F32 are
written as abc with a, b, c in F2 = {0, 1}.
e 000
c 011
c2 001
c3 101
s 100
sc 110
sc2 010
sc3 111
Then the addition in D4 induced from that on F
3
2 makes (D4,+, ·)
into a left brace. Here is the addition table for (D4,+):
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sum e c c2 c3 s sc sc2 sc3
e e c c2 c3 s sc sc2 sc3
c c e sc2 sc sc3 c3 c2 s
c2 c2 sc2 e s c3 sc3 c sc
c3 c3 sc s e c2 c sc3 sc2
s s sc3 c3 c2 e sc2 sc c
sc sc c3 sc3 c sc2 e s c2
sc2 sc2 c2 c sc3 sc s e c3
sc3 sc3 s sc sc2 c c2 c3 e
A left ideal of (D4,+, ·) is a subgroup of (D4,+) with the property
that −g + g · x is in L for all g in A, x in L. Since the additive group
of A is that of a vector space over F2, −g + g · x = g + g · x.
To see what this looks like, we let g = c and find c+ c · x for all x in
A:
x c + c · x
e e
c sc2
c2 sc
c3 c
s s
sc sc3
sc2 c3
sc3 c2
By Proposition 4.1, the left ideals are among the ten subgroups of
(D4, ·), namely:
〈e〉, 〈c2〉, 〈s〉, 〈sc〉, 〈sc2〉, 〈sc3〉,
{e, c, c2, c3}, {e, s, c2, sc2}, {c, sc, c2, sc3}, D4.
From the last table it is immediate that no subgroup of order 2 of (D4, ·)
is a left ideal except possibly 〈s〉. But c2 + c2 · s = c. So 〈s〉 is not a
left ideal. This last table also rejects {e, c, c2, c3} and {e, s, c2, sc2} as
left ideals.
Thus, other than the trivial subgroups A and {e}, the only potential
left ideal of the brace (D4,+, ·) is the subgroup {e, sc, c
2, sc3}. That
subgroup is a subgroup of (D4,+) since it corresponds to the subgroup
{000, 110, 001, 111} of (F32,+)
∼= (D4,+), and a routine check shows
that it is in fact a left ideal of the left brace (D4,+, ·). That completes
the proof. 
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7. Skew left braces arising from fixed point free pairs of
homomorphisms
Let L/K be a Galois extension with Galois group Γ, and let G be a
group with |G| = |Γ|. In this section we consider Hopf Galois extensions
on L/K of type G arising from fixed point free pairs of homomorphisms.
Definition. Given two groups Γ and G of the same finite cardinality,
and homomorphisms
fl, fr : Γ→ G,
(fl, fr) is a fixed point free pair of homomorphisms if
fl(γ) = fr(γ) ⇐⇒ γ = eΓ,
where eΓ is the identity element of Γ.
Since Γ and G have the same cardinality, (fl, fr) is a fixed point free
pair if and only if the set {fl(γ)fr(γ)
−1 : γ in Γ} = G.
If (fl, fr) is a fixed point free pair of homomorphisms from Γ to G,
then
β : Γ→ Hol(G),
given by β(γ) = λ(fl(γ))ρ(fr(γ)) is a regular embedding, hence yields
a Hopf Galois structure of type G on a Galois extension L/K with
Galois group Γ. In fact, for x in G, fl(γ) = gl, fr(γ) = gr,
β(γ)(x) = λ(gl)ρ(gr)(x)
= glxg
−1
r = glg
−1
r grxg
−1
r
= λ(glg
−1
r )C(gr)
in InHol(G) = λ(G) ⋊ Inn(G), where C(g) is conjugation by g and
Inn(G) is the group of inner automorphisms of G.
These Hopf Galois structures were studied for Γ = G in [CCo07] ,
generalizing ideas from [CaC99], and in general in Section 2 of [BC12].
A natural class of examples, arising in [By15], is the following:
Let G be a finite group with two subgroups H and J so that |H||J | =
|G| andH∩J = {e}. The subgroupsH and J are called complementary
in G in Section 7 of [By15].
Suppose G has complementary subgroups H and J , and let Γ =
H × J = {(gl, gr)} with gl in H , gr in J . Define fl, fr : Γ→ G by
fl(gl, gr) = gl,
fr(gl, gr) = gr.
Then (fl, fr) is a fixed point free pair. For γ = (gl, gr) define
β : Γ→ Perm(G)
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by
β(γ) = λ(fl(γ))ρ(fr(γ)) = λ(gl)ρ(gr)
where ρ is the right regular representation of G in Perm(G). Thus for
x in G and γ = (gl, gr) in Γ,
β(γ)(x) = β(gl, gr)(x) = glxg
−1
r .
Corresponding to β : Γ→ Hol(G) is the map b : Γ→ G defined by
b(gl, gr) = β(gl, gr)(e) = glg
−1
r ,
with inverse a(g) = a(glgr) = (gl, g
−1
r ). Then for g = glgr and h = hlhr
in G,
g ◦ h = b(a(g)a(h))
= b((gl, g
−1
r ), (hl, h
−1
r ))
= b((glhl, g
−1
r h
−1
r )) = (glhl)(g
−1
r h
−1
r )
−1
= glhlhrgr = glhgr.
This defines a left skew brace structure (G, ·, ◦) on G = (G, ·), where
a : (G, ◦)→ Γ is an isomorphism of groups.
In [SV18, Section 2], the skew brace (G, ·, ◦) just defined is called
the skew brace on G arising from the exact factorization of G into H
and J , where the additive group of the skew brace is (G, ·).
Proposition 7.1. Let G be a group with complementary subgroups Gl
and Gr. Let Γ = Gl ×Gr, and define β : Γ→ G by
β((gl, gr)(γ) = λ(fl(γ))ρ(fr(γ))
in Hol(G). Then the ◦-stable subgroups of G are the subgroups of G
that are closed under conjugation by elements of Gl.
Proof. Let G′ be a subgroup of G = HJ . Then G′ is ◦-stable if for all
x in G′ and all g = glgr in G, there exists y in G
′ so that
g ◦ x = yg.
This is true if and only if
glxgr = yglgr,
if and only if
y = glxg
−1
l = C(gl)x.

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Here is a class of examples.
Let Γ = A×∆ and G = A⋊∆ where A is simple and ∆ is abelian.
Then a subgroup G′ of G is ◦-stable if and only if for all a in A, x in
G′,
axa−1 = y
is in G′. If there exists a non-trivial element of A∩G′, then since G′ is
closed under conjugation by elements of A and A is simple, A ⊆ G′. If
for some x in G′ and a in A, axa−1 6= x, then since A is normal in G,
a(xa−1x−1) is a non-trivial element of A, hence is a non-trivial element
of A ∩G′. So G′ contains A.
Example 7.2. Let G = Zp ⋊∆ where ∆ is a non-trivial subgroup of
Z×p . Then the ◦-stable subgroups of G are (1) and the subgroups of G
containing Zp.
To see this, let G = 〈a, δ : ap = δk = 1, δa = abδ〉 where the order of
b in the group Up of units modulo p is k > 1, and let Zp = 〈a〉 (written
multiplicatively). If arδs is in G′ with δs 6= 1 (so 1 ≤ s < k), then
a−1arδsa = ar−1ab
s
δs. (∗)
If the right side is = arδs, then ar−1ab
s
= ar, so ab
s
= a, hence k divides
s and δs = 1. So if δs 6= 1, then
(a−1(arδs)a)(arδs)−1 6= 1
and is a non-trivial element of G′ ∩ Zp. Thus G
′ contains Zp. If G
′ is
a subgroup of G containing Zp, then clearly G
′ is closed under conju-
gation by elements of Zp, so is ◦-stable.
Example 7.3. Let G = Sn = An⋊Z2 and Γ = An×Z2, where An, Sn
is the alternating, resp. symmetric group and n ≥ 5. Then the only
◦-stable subgroups of G are (1), An and Sn.
To see this, let G′ be a non-trivial ◦-stable subgroup of G. It suffices
to show that G′ ∩ An is non-trivial. Let τ 6= 1 ∈ G
′. If τ is even, then
G′∩An is non-trivial. If τ is odd and aτa
−1 6= τ for some a in An, then
aτa−1τ−1 6= 1 and is even, so G′ ∩ An is non-trivial. So suppose τ is
odd, and aτa−1 = τ for all a in An. Since τ is odd, every b in Sn \ An
has the form b = aτ for some a in An. Then bτb
−1 = τ for all b in Sn,
so τ is in the center of Sn, impossible. So G
′ must contain An.
For a different application of Proposition 7.1, we have
Example 7.4. Let A = F3p. Define a left skew brace structure (A, ⋆, ◦)
on A where (A, ◦) = F3p with ◦ = +, the usual vector space addition,
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and (A, ⋆) is isomorphic to the Heisenberg group Heis3(Fp). Write
Heis3(Fp) = F
2
p ⋊ Fp = {[
(
c
b
)
,
(
1 a
0 1
)
] : a, b, c ∈ Fp}
∼=

1 a c0 1 b
0 0 1

 ,
the latter viewed as a subgroup of GL3(Fp). Thus the multiplication
on vectors in F3p is by
ab
c

 ⋆

a′b′
c′

 =

 a+ a′b+ b′
c+ c′ + ab′

 .
Define fl, fr : F
2
p × Fp → Heis3(Fp) by
fl((a, b, c)
T ) = [
(
c
b
)
, I],
fr((a, b, c)
T ) = [
(
0
0
)
,
(
1 −a
0 1
)
].
Then (fl, fr) is a fixed point free pair of homomorphisms, hence makes
A = F3p into a skew left brace (A, ⋆, ◦) with (A, ⋆)
∼= Heis3(Fp) (the
additive group), and (A, ◦) ∼= (F3p,+).
We show
Proposition 7.5. There are 2p+ 4 ◦-stable subgroups of (A, ⋆, ◦).
Proof. Given a subgroup G′ of G = (A, ⋆) we need to check to see if
for all h in G′, g = gl ⋆ gr in G, gl ⋆ h ⋆ g
−1
l is in G
′.
For g =

ab
c

, gl =

0b
c

, so
gl ⋆ h ⋆ g
−1
l =

0b
c

 ⋆

rs
t

 ⋆

 0−b
−c


=

 rs
t− rb

 .
So a subgroup G′ of (G, ⋆) is ◦-stable if and only if for all b in Fp,
if

rs
t

 is in G′, then

 rs
t− rb

 is in G′.
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By Proposition 4.1, G′ is a subgroup of (G, ◦) = (F3p,+). So if r 6= 0,
then G′ must contain

00
1

.
In Section 5 we found that the subgroups of Heis3(Fp) = (F
3
p, ⋆) are
of the following forms:
〈0〉,
〈
1b
c


〉
,
〈
01
c


〉
,
〈
00
1


〉
,
〈
10
c

 ,

01
c′


〉
,
〈
1c
0

 ,

00
1


〉
,
〈
01
0

 ,

00
1


〉
, Heis3(Fp).
Of these, the 2p + 4 ◦-stable subgroups of (G, ⋆) = Heis3(Fp) are 〈0〉,
Heis3(Fp) and〈01
c

〉 ,
〈00
1

〉 ,
〈1c
0

 ,

00
1

〉 ,
〈01
0

 ,

00
1

〉 .

In Section 5 we took a Galois extension L/K with Galois group
Γ ∼= Heis3(Fp) and looked at Hopf Galois structures on L/K of abelian
type G = (F3p,+). Example 7.4 corresponds to a Galois extension L/K
with abelian Galois group Γ ∼= (F3p,+) with a Hopf Galois structure
of type G = Heis3(Fp). For Example 7.4, the number of intermediate
fields |FΓ| = number of subgroups of F
3
p = 2p
2 + 2p + 4, while Propo-
sition 7.5 shows that the number of fields in the image of the Galois
correspondence for H is |FH| = 2p+ 4. For the examples in Section 5,
|FΓ| = 2p
2 + 2p+ 4 while |FH | = p+ 4.
Remark 7.6. Let G′ be a subset of G so that Guarneri and Ven-
dramin’s condition from Remark 4.2 holds:
For all g, h in G, g′ in G′,
hg−1(g ◦ g′)h−1 is in G′.
Consider our last example (G, ⋆, ◦) where (G, ◦) = (F3p,+) and (G, ⋆) =
Heis3(p) with operation
ab
c

 ⋆

a′b′
c′

 =

 a+ a′b+ b′
c+ c′ + ab′

 .
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Let
h =

a′b′
c′

 , g =

ab
c

 and g′ =

rs
t

 .
Then
hg−1(g ◦ g′)h−1 =

 rs
t− rb′ + a′s− as

 .
From this computation it is easy to see that for each t in Fp the singleton
set {

00
t

} satisfies the [GV17] condition for each t in Fp, as does the
coset
{

rs
t

 |t in Fp}
of the subgroup 〈

00
1

〉 for each fixed r, s in Fp. Thus subsets of (G, ⋆)
satisfying the [GV17] condition need not be subgroups of (G, ⋆).
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